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Renormalization of the vacuum angle for a particle on a ring
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We analyze the vacuum (topological) angle θ renormalization for the quantum mechanical model
of a particle moving around a ring, where θ is the magnetic flux through the ring. We construct
a renormalization group (RG) transformation for this model and derive exact RG equations which
lead to the flow diagram similar to that of the Quantum Hall effect. Renormalization of θ is seen
to follow from the loss of information about the initial topological charge in the course of the RG
procedure.
PACS numbers: 03.65.Vf, 05.10.Cc, 73.23.Hk
Topologically nontrivial field theories are of consider-
able interest both in high energy and condensed mat-
ter physics [1]. Different non-linear sigma models with
topological terms describe e.g. the Quantum Hall effect
(QHE)[2], antiferromagnetic spin chains [3], tunneling ef-
fects in metallic nanostructures [4](see also recent work
[5]). Common feature of these models is the renormal-
ization of the vacuum angle θ [6, 7], which is the coef-
ficient in front of the topological charge in the action.
While generally accepted by now, this θ renormalization
still may seem somewhat obscure. For this reason we
study here how this renormalization occurs in a simple
quantum mechanical model (a particle on a ring). After
constructing a certain kind of the renormalization group
(RG) transformation it appears possible to obtain ana-
lytically almost the same RG flow diagram as in the QHE
both for weak and strong coupling.
Consider a particle of mass m moving around a ring
of unit radius threaded by a magnetic flux θ (in units
c = h¯ = e = 1). The corresponding (euclidian) action
at finite temperature may be written in terms of a pla-
nar unit vector n(τ) (n2 = 1) which depends on a one-
dimensional coordinate (imaginary time)
S[n] =
m
2
∫ β
0
n˙
2(τ)dτ − i
θ
2π
∫ β
0
ǫabna(τ)n˙b(τ)dτ, (1)
where ǫab is the two dimensional antisymmetric tensor
and β is the inverse temperature. Since n(0) = n(β) the
model is actually defined on a circle. The last term in (1)
has the form iθQ where Q is the topological charge which
distinguishes inequivalent mappings S1 → S1 and takes
integer values (equal to a number of rotations the particle
make in time β), making the theory periodic in θ. This
(0+1)-dimensional field theory may seem trivial, since in
terms of the polar angle the action (1) is quadratic, but
this is not so due to topological effects (like in compact
electrodynamics [1]).
This model may be used also to describe a single elec-
tron box (SEB)[8], which is essentially a metallic island
coupled to the outside circuit by a tunnel junction of
capacitance C and resistance R. If R → ∞ the action
for the SEB reduces to Eq. (1) where the first term ac-
counts for the charging energy and 1/m = e2/C while
θ is an external charge. Certainly, the nonlocal model
for finite R [4, 5](which also corresponds to the parti-
cle on the ring with Ohmic friction [9]) and at C → 0
has more in common with two-dimensional sigma mod-
els (e.g. dimensionless coupling and asymptotic freedom
[10], instantons of all sizes [11]), but the model of Eq. (1)
is much simpler and seems to be most suitable for the an-
alytical study of the vacuum angle renormalization.
Since for the particle on the ring θ is an external mag-
netic flux, one would normally expect its renormalization
due to the screening of the flux by the magnetic field, pro-
duced by the rotating particle, but this mechanism does
not work here, because such back reaction is not included
in Eq. (1). We shall see below, that quite a different (’in-
formational’) mechanism is relevant here, related to the
way the topological charge changes under the RG trans-
formation.
Now we shall construct the RG transformation for the
action (1). For this purpose let us introduce a lattice
dividing the whole τ axis into intervals of the length a
and then fix the values of the field n(τ) at the sites ai
of the lattice. This results in a discrete configuration
[ni] which will later play the role of a slowly varying
background field.
Next we evaluate the ’probability’ P [ni] of this config-
uration integrating out all remaining degrees of freedom,
i.e.
P [ni] ∼
∏
i
∫
n(ai+1)=ni+1
n(ai)=ni
Dn(τ)δ(n2(τ)− 1) exp(−S[n])
(2)
with the action S from Eq. (1). Obviously, this is just
the product of the Green functions G(ni,ni+1; a) at the
inverse temperature a, which are known exactly for the
simple model in question. If we introduce polar angle φ
instead of the planar vector then
G(φi, φi+1; a) =
( m
2πa
) 1
2
∑
q
exp
[
−
m
2a
(φi+1 − φi+
+ 2πq)2 + i
θ
2π
(φi+1 − φi + 2πq)
]
2where the sum is over different winding numbers q =
0± 1 . . .. Then
P [φi] ∼
∏
i
G(φi, φi+1; a) ∼ exp(−Seff ) (3)
with
Seff =
m
2a
∑
i
(φi+1 − φi)
2 − i
θ
2π
∑
i
(φi+1 − φi)−
−
∑
i
ln
∑
q
exp
[
−
2π2m
a
q2 + iθq −
2πm
a
q(φi+1 − φi)
]
(4)
Up to now we did not specify the values of φi and these
were some arbitrary numbers. Now let us assume that
adjacent φi are very close to each other, i.e. they repre-
sent some smooth continuous field φ(τ). Then we may
write φi+1 − φi ≃ φ˙a with φ˙ → 0 and expand the effec-
tive action (4) in terms of the derivative. The result of
straightforward calculations is given by the same formula
Eq. (1)
Seff [φ] =
m′(a)
2
∫ β
0
φ˙2(τ)dτ − i
θ′(a)
2π
∫ β
0
φ˙(τ)dτ + . . .
(5)
but with renormalized coupling constants, which now de-
pend on a
m′(a) = m− 4π2
m2
a
∂2f(θ, a)
∂θ2
,
θ′(a) = θ − 4π2
m
a
∂f(θ, a)
∂θ
, (6)
where
f(θ, a) = − lnZ(θ, a),
Z(θ, a) =
( m
2πa
) 1
2
∑
q
exp
[
−
2π2m
a
q2 + iθq
]
. (7)
Here Z(θ, a) is the partition function for the particle on
the ring (at inverse temperature a) represented as a sum
over winding numbers.
If we introduce a dimensionless coupling constant
g =
a
m
(8)
we can easily see from Eq. (6) and Eq. (7) that both
θ′(a) and g′(a) = a/m′(a) depend on the scale a only
through g. This means that derivatives of g′ and θ′ with
respect to ln a can be expressed solely through the run-
ning couplings (after inverting Eqs. (6)) to obtain RG
equations in more familiar form
dg′
d ln a
= β1(g
′, θ′),
dθ′
d ln a
= β2(g
′, θ′) (9)
However, we do not actually need β-functions here, since
we already have the solutions of these RG equations (in
terms of initial values m and θ) given by Eq. (6).
Let us now comment on the physical meaning of the
transformation constructed. While this is close in spirit
to the real space RG approach here we do not eliminate
fast variables step by step. It is difficult to find a suitable
decomposition of fields into fast and slow components in
theories with constraints. Usually, in sigma models with
n
2 = 1 one adopts the RG scheme due to Polyakov [1],
but this describes only small fast vibrations of a slowly
rotating unit vector, i.e. fast variables are topologically
trivial. But as we know (and will see later) fast rotations
are also to be taken into account, if one wishes to obtain
θ renormalization. These fast rotations are usually rep-
resented by instantons of small size [6, 7], but this makes
sense only in the weak coupling region.
What is done here is in fact the same as the prelim-
inary step for the Wilson’s RG, when he introduces a
smooth average order parameterM(x) [12], with Fourier
components lower than some ultraviolet cutoff and de-
fines an effective action forM(x) performing a statistical
averaging holding M(x) fixed for all x. The only (unim-
portant) difference is that here we take a discrete set [ni]
as an order parameter, and only later take the continu-
ous limit. It is not so obvious, however, how to use the
effective action (5), since as we shall see later, at θ 6= π
the effective mass m′(a) goes to zero as a→∞ and fluc-
tuations become large. Therefore, if we have in mind
further functional integration over the slow field φ(τ) we
should take account of the higher powers of φ˙ (and higher
derivatives).
There exists however a different interpretation which
seems to be more instructive. One can view the proce-
dure described as a kind of a continuous measurement. In
fact, P [ni] is an amplitude for a process when successive
measurements of the unit vector directions at times ai
give the values ni. One may think that we look at our sys-
tem at discrete time moments and make a series of snap-
shots which are then combined into a ’movie’. This cin-
ematic sequence (similar to the ’coarse-grained history’
of Gell-Mann and Hartle [13]) looks like a smooth tra-
jectory and the corresponding amplitude is determined
by the effective action (5). This interpretation provides
us with additional physical meaning of parameters m′(a)
and θ′(a) — they characterize the slow motion of a par-
ticle being continuously measured by some external ob-
server (or environment) with time resolution a.
Between the measurements the particle moves freely
and can even perform many revolutions around the ring
which we are unaware of. To state this more rigorously,
we are always mistaken when we ascribe a certain topo-
logical chargeQ′ to a coarse grained field. The true topo-
logical charge Q should include also a number of fast
rotations (topologically nontrivial short wavelength fluc-
tuations, e.g. instantons and anti-instantons) which we
are unable to resolve. Then, to reproduce the true phase
factor of a given field configuration exp(iθQ) we have to
change the value of the vacuum angle θ and to make it
3scale dependent. This is essentially what is done when
passing from Eq. (1) to Eq. (5). Surely, many initial
field configurations with different topological charges re-
sult in the the same coarse grained field after averaging
over fast variables, i.e. the RG transformation mixes dif-
ferent topological sectors of the theory. This lost infor-
mation about the original values of Q is now encoded in
the renormalized angle θ′(a), hence this renormalization
may be said to be of ’informational’ origin.
Let us study now Eqs. (6) in more detail. First of
all consider the case of small a. In this limit the terms
with large winding numbers in Z(θ, a) (7) are strongly
suppressed and it is possible to retain only the terms
with q = 0,±1. Then the RG equations (6) for g ≪ 1
can be written as
1
g′
=
1
g
−
8π2
g2
e−
2pi2
g cos θ,
θ′ = θ −
8π2
g
e−
2pi2
g sin θ. (10)
It is possible also to rewrite this equations in the differen-
tial form (9) with β functions (here we omit the primes)
β1(g, θ) = g − g
2D(g)e−
2pi2
g cos θ,
β2(g, θ) = D(g)e
−
2pi2
g sin θ, (11)
where D(g) = 8π2(1− 2π2/g)/g2.
These formulas strongly resembles the instanton in-
duced renormalization in the Yang-Mills theory [6] or in
the QHE [2]. It should be stressed however that in our
model (1) there are no instantons (as solutions of classi-
cal equations) of small size. Nevertheless the physics is
just the same. Exponentially small contributions in (11),
coming from the terms with winding numbers q = ±1,
arise from the fast instanton-like rotations of the vector
n between the time moments ai and ai+1. Note that the
same fluctuations are responsible also for the mass renor-
malization since without the topological effects the model
(1) is trivial. The first term in β1(g, θ) which looks like
a perturbative contribution is in fact due to the explicit
scale dependence of the coupling constant g.
In the opposite limit of the strong coupling g ≫ 1 we
may use the dual representation of the partition function
Z(θ, a) as a sum over the energy levels
Z(θ, a) =
∑
n
exp
[
−
a
2m
(
n−
θ
2π
)2]
, (12)
where n = 0,±1 . . . is the angular momentum of the par-
ticle measured in units of h¯. Then, at a → ∞ only the
ground state contributes to Z(θ, a), i.e.
Z(θ, a) ≃ exp(−aE0(θ)), (13)
where E0 is the ground state energy for the particle on
the ring
E0(θ) =
1
2m
(
θ
2π
)2
, 0 < θ ≤ π,
E0(θ) =
1
2m
(
1−
θ
2π
)2
, π < θ < 2π (14)
Recall that there is level crossing at θ = π and the ground
state is degenerate at this point. Substituting these for-
mulas into Eq. (6) we immediately obtain
m′(a) → 0, θ 6= π,
θ′(a) →
{
0, 0 < θ < π
2π, π < θ < 2π
(15)
Hence, in the long wavelength limit θ′(a) tends to a step-
wise function, just like the Hall conductivity in the QHE,
while m′(a) vanishes like the diagonal conductivity. The
calculation at θ = π is slightly more involved (the degen-
eracy of the ground level should be taken into account)
and results in a linear growth of the effective mass with a
according to m′(a) ∼ a/4. Therefore, when expressed in
terms of g the RG flow has a fixed point θ∗ = π, g∗ = 4.
To evaluate corrections to Eqs. (15) one has to take
into account also the first exited level and after some
algebra we obtain at g →∞
1
g′
≃ exp(−g∆), θ′ ≃ 2π exp(−g∆), (16)
at 0 < θ < π (for θ not too close to zero) where
∆ = (1− θ/π)/2 is the dimensionless energy gap. There-
fore deviations from the ideal quantization at θ 6= π are
exponentially small at large scales as it should be in a sys-
tem with the finite correlation length ξ ∼ m∆−1. More-
over, at g ≫ 1 running couplings are related by a simple
linear relation
1
g′(a)
=
1
2π
θ′(a). (17)
The whole RG flow diagram is shown in Fig. 1 in the
(1/g, θ)-plane for 0 < θ < 2π. The region below the fixed
point is not available in our model, since for a finite initial
m RG trajectories in Fig. 1 always start at infinity.
This is essentially the same diagram as proposed ini-
tially for the integer Quantum Hall effect [2, 14]. Its
main features are: renormalization of 1/g to zero except
for θ = π where the saddle point exists at some finite g∗
and a set of infra-red fixed points at quantized values of
θ = 0,±2π, . . .. Our example shows that one can obtain
such a non-trivial RG flow even for a very simple system
provided the RG transformation is complicated enough.
At a finite temperature T the RG flow should be stopped
at a = 1/T since this is the size of the system (1) along
the τ axis.
For the model considered the vanishing of the effective
particle mass (or 1/g) as a→∞ is almost trivial. When
4FIG. 1: RG flow diagram of Eqs. (6).
the scale a becomes larger than the correlation length ξ ∼
m∆−1, adjacent ni are no longer correlated which results
in the loss of the corresponding stiffness, i.e. m(a) →
0. From the point of view of one-dimensional statistical
mechanics this means that the RG flow leads us further
into the disordered phase (leading to the entanglement
loss along the RG trajectories [15]). In the vicinity of
θ = π the correlation length diverges ξ ∼ 1/|θ−π| and the
fixed point g∗ results from the degeneracy of the ground
state at θ = π.
The physical meaning of the renormalized vacuum an-
gle θ′(a) may be easily seen from Eq. (6). If we substitute
Z(θ, a) from Eq. (12) into Eq. (6) then
θ′(a)/2π = 〈n〉 =
〈
−i
d
dφ
〉
, (18)
where for the particle on the ring n is the canonical an-
gular momentum and the brackets denote averaging over
the ensemble with the temperature T = 1/a. For the
SEB 〈n〉 is the average number of excess electrons in the
box and hence quantization of θ′ at a→∞ is just the zero
temperature Coulomb blockade [16] (for the SEB with
1/R 6= 0 this was recently pointed out in [5]). Thus the θ
renormalization may be directly observed here (as in the
QHE) as the formation of the stepwise dependence of 〈n〉
on the external charge θ (’Coulomb staircase’) when the
temperature is lowered.
In summary, we have studied the θ angle renormaliza-
tion for the quantum mechanical particle moving around
the ring, where θ is the magnetic flux through the ring.
The appropriate RG transformation was constructed
which resulted in the RG flow shown in Fig.1. This flow
diagram is similar to that of the Quantum Hall effect and
gives one more example of the θ renormalization. We
argue that this renormalization occurs due to the infor-
mation loss, because the RG transformation which elim-
inates fast fluctuations from a given field configuration
changes its topological charge Q (mixes different topo-
logical sectors). Then, looking at the resulting coarse-
grained field we see different topological charge than the
true one, so that to recover the phase factor exp(iθQ)
we have to change the value of θ and to make it scale
dependent. The absence of the phase factor in the long
wavelength limit (due to θ renormalization) may proba-
bly be viewed as a complete screening of the background
topological charge by fast instanton-like fluctuations.
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